In this paper, we characterize absolute norm-attainability for compact hyponormal operators. We give necessary and sufficient conditions for a bounded linear compact hyponormal operator on an infinite dimensional complex Hilbert space to be absolutely norm attaining. Moreover, we discuss the structure of compact hyponormal operators when they are self-adjoint and normal. Lastly, we discuss in general, other properties of compact hyponormal operators when they are absolutely norm attaining and their commutators.
Introduction
The study of norm attaining operators has been interesting to many mathematicians and researchers over decades( see [1] , [2] and [5] ). The class of absolutely norm attaining operators between complex Hilbert spaces was introduced by [1] and they discussed several important examples and properties of these operators. The class of absolutely norm attaining operators is denoted by AN (H). A synonymous class called normattainable operators have also been discussed by Okelo in [4] and it has been determined that they share similar characteristics. In this paper, we give necessary and sufficient conditions for an operator to be hyponormal and belongs to AN (H). In fact, we show that a bounded operator T defined on an infinite dimensional Hilbert space is hyponormal and belongs to AN (H) if and only if there exists a unique triple (K, F, α), where K is a positive compact operator, F is a positive finite rank operator, α is positive real number such that T = K − F + αI and KF = 0, F ≤ αI. In fact, here α = m e (T ), the essential minimum modulus of T . Moreover, we give explicit structure of self-adjoint and AN -operators as well as hyponormal and AN -operators. Finally, we also obtain structure of general AN -operators. In the process we also prove several important properties of AN -operators. Unless otherwise stated, the hyponormal operators in this work are compact. We organize the article as follows: Section 1: Introduction; Section 2: Preliminaries and notations; Section 3: Main results.
Preliminaries
In this section, we give the preliminaries. These include the basic terms, definitions and notations which are useful in the sequel. Throughout the paper, we consider all Hilbert spaces to be infinite dimensional and complex. We denote inner product and the induced norm by by ., . and · respectively. The unit sphere of a closed subspace M of H is denoted by S M := {x ∈ M : x = 1} and P M denote the orthogonal projection P M : H → H with range M . The identity operator on M is denoted by I M . See details in [1] and the references therein. DEFINITION 2.1. An operator T : H 1 → H 2 is said to be bounded if there exists a C > 0 such that T x ≤ C x , for all x ∈ H 1 . If T is bounded, the quantity T = sup { T x : x ∈ S H1 } is finite and is called the norm of T .
We denote the space of all bounded linear operators between H 1 and H 2 by B(H 1 , H 2 ). In general, the set of all bounded linear operators on H is denoted by B(H).
, there exists a unique operator denoted by T * : H 2 → H 1 called the adjoint operator satisfying T x, y = x, T * y , for all x ∈ H 1 and for all y ∈ H 2 . DEFINITION 2.3. An operator T ∈ B(H 1 , H 2 ) is said to be norm attaining if there exists a x ∈ S H1 such that T x = T . We denote the class of norm attaining operators by N (H 1 , H 2 ). REMARK 2.1. It is known that N (H 1 , H 2 ) is dense in B(H 1 , H 2 ) with respect to the operator norm of B(H 1 , H 2 ). We refer to [2] for more details.
DEFINITION 2.4([1]
). An operator T ∈ B(H 1 , H 2 ) is said to be absolutely norm attaining or AN -operator (shortly), if T | M , the restriction of T to M , is norm attaining for every non zero closed subspace M of H 1 . That is T | M ∈ N (M, H 2 ) for every non zero closed subspace M of H 1 . DEFINITION 2.5. An operator T ∈ B(H) is said to be hyponormal if T * x ≤ T x , for all x ∈ H. REMARK 2.2. This class contains K(H 1 , H 2 ), and the class of partial isometries with finite dimensional null space or finite dimensional range space.
In the remaining part of this section, we give standard terminologies and notations found in [3] . Let T ∈ B(H). Then T is said to be normal if
If T is self-adjoint and T x, x ≥ 0, for all x ∈ H, then T is called positive. It is well known that for a positive operator T , there exists a unique positive operator S ∈ B(H) such that S 2 = T . We write S = T 1 2 and is called as the positive square root of T . If S, T ∈ B(H) are self-adjoint and S − T ≥ 0, then we write this by S ≥ T . If P ∈ B(H) is such that P 2 = P , then P is called a projection. If
Null space of P , N (P ) and range of P, R(P ) are orthogonal to each other, then P is called an orthogonal projection. It is a well known fact that a projection P is an orthogonal projection if and only if it is self-adjoint if and only if it is normal. We call an operator V ∈ B(H 1 , H 2 ) to be an isometry if V x = x , for each x ∈ H 1 . An operator V ∈ B(H 1 , H 2 ) is said to be a partial isometry if The spectral radius of T is given by m(T ) = sup{|λ| ∈ C : λ ∈ ρ(T )}. It is well known that σ(T ) is a non empty compact subset of C. The point spectrum of T is defined by
, then T is said to be compact if for every bounded set S of H 1 , the set T (S) is pre-compact in H 2 . Similarly, for every bounded sequence (x n ) of H 1 , (T x n ) has a convergent subsequence in H 2 . We denote the set of all compact operators between H 1 and H 2 by
The space of all finite rank operators between H 1 and H 2 is denoted by F (H 1 , H 2 ) and we write F (H, H) = F (H). These standard facts can be obtained in [3] and the references therein.
Main Results
In this section, we give the main results of this work. We begin with the following auxiliary propositions. PROPOSITION 3.1. Let T ∈ B(H 1 , H 2 ) be compact and hyponormal. Then
if and only if R(T ) is closed and T is one-to-one (T is bounded below) (iv). in Particular if
PROOF. The proof is analogous to the proof of Carvajal and Neves. See [1] for proof. PROPOSITION 3.2. Let T = K + F + αI, where K is a positive compact hyponormal operator, F is a self-adjoint finite rank normal operators and α > 0. Then the following holds:
. if T is a finite rank operator, then H is finite dimensional.
PROOF. By proposition 3.2 above and analogous to the proof in [1] the proof is complete. PROPOSITION 3.3. Let T ∈ B(H) be compact and hyponormal and β ∈ W e (S) where α > 0. Then there exists an operator S ∈ B(H) such that S = Z , S − Z < α and T is absolutely norm attaining. Furthermore, there exists a vector η ∈ H, η = 1 such that Zη = Z with Zη, η = β.
PROOF. Consider S ∈ B(H) to be contractive then we may assume that S = 1 by ignoring the strict inequality. and also that 0 < α < 2. Let x n ∈ H (n = 1, 2, ...) be such that x n = 1, Sx n → 1 and also lim n→∞ Sx n , x n = β. Let S = GL be the polar decomposition of S. Here G is a partial isometry and we write L = 1 0 βdE β , the spectral decomposition of L = (S * S) 1 2 . Since lim n→∞ Sx n = S = L = 1, we have that Lx n → 1 as n tends to ∞ and lim n→∞ Sx n , x n = lim n→∞ GLx n , x n = lim n→∞ Lx n , G * x n . Now for H = R(L) ⊕ KerL, we can choose x n such that x n ∈ R(L) for large n. Indeed, let
n , n = 1, 2, ... Then we have that 
x n ∈ RL. Since G is a partial isometry from R(L) onto R(S), we have that Gx n = 1 and lim n→∞ Lx n , G * x n = β. Since L is a positive operator, L = 1 and for any x ∈ H, Lx, x ≤ x, x = x 2 . Replacing x with L 1 2 x, we get that L 2 x, x ≤ Lx, x , where L 1 2 is the positive square root of L. Therefore we have that Lx 2 = Lx, Lx ≤ Lx, x . It is obvious that lim n→∞ Lx n = 1 and that Lx n 2 ≤ Lx n , x n ≤ Lx n 2 = 1. Hence, lim n→∞ Lx n , x n = 1 = L . Moreover, Since I−L ≥ 0, we have lim n→∞ (I− L)x n , x n = 0. thus lim n→∞ (I − L)
. We have L = γ µdE µ + ρ µdE µ = LE(γ) ⊕ LE(ρ). Next we show that lim n→∞ E(γ)x n = 0. If there exists a subsequence x ni , (i = 1, 2, ..., ) such that E(γ)x ni ≥ ǫ > 0, (i = 1, 2, ..., ), then since lim i→∞ x ni − Lx ni = 0, it follows from [4] 
This is a contradiction. Therefore, lim n→∞ E(γ)x n = 0. Since lim n→∞ Lx n , x n = 1, we have that lim n→∞ LE(ρ)x n , E(ρ)x n = 1 and lim n→∞ E(ρ)x n , G * E(ρ)x n = β. It is easy to see that lim n→∞ E(ρ)
= β Replacing x with E(ρ)xn E(ρ)xn , we can assume that x n ∈ E(ρ)H for each n and x n = 1. Let
and V x n = 1 and V x n , x n = β, for a large n then letting Z = V J, we have that Zx n = V Jx n = 1, and that Zx n , x n = V Jx n , x n = V x n , x n = β S − Z = GL − V J = α. To complete the proof, we now construct the desired contraction V . Clearly, lim n→∞ x n , G * x n = β, because lim n→∞ Lx n , G * x n = β and lim n→∞ x n − Lx n = 0. Let Gx n = φ n x n + ϕ n y n , (y n ⊥x n , y n = 1) then lim n→∞ φ n = β, because lim n→∞ Gx n , x n = lim n→∞ x n , G * x n = β but Gx n 2 = |φ n | 2 +|ϕ n | 2 = 1, so we have that lim n→∞ |ϕ n | = 1 − |β| 2 . Then by [4] and [5] the remaining part of the proof is analogous and this completes the proof.
In this section we consider absolute norm-attainability for commutators of compact hypomormal operators. LEMMA 3.1. Let E ∈ B(H) be compact hyponormal then EX − XE is absolutely norm attaining if there exists a vector ζ ∈ H such that ζ = 1, Eζ = E , Eζ, ζ = 0. PROOF. Let x ∈ H satisfy x⊥{ζ, Eζ}, and define a compact X as follows X : ζ → ζ, Eζ → −Eζ, x → 0. Since X is a bounded operator on H and Xζ = X = 1, EXζ − XEζ = Eζ − (−Eζ) = 2 Eζ = 2 E . It follows that EX − XE = 2 E by Proposition 3.1, because Eζ, ζ = 0 ∈ W e (E). Hence we have that EX − XE = 2 E . Therefore, EX − XE is absolutely norm attaining. Hence SX − XT is absolutely norm attaining. COROLLARY 3.1. Let S, T ∈ B(H) If both S and T are absolutely norm attaining then the operator SXT is also absolutely norm attaining.
PROOF.We can assume that S = T = 1. If both S and T are absolutely norm attaining, then there exists unit vectors ζ and η with Sζ = T η = 1. We can therefore define an operator X by X = ·, T η ζ. Clearly, X = 1. Therefore, we have SXT ≥ SXT η = T η 2 Sζ = 1. Hence, SXT = 1, that is SXT is also absolutely norm attaining. PROPOSITION 3.4. Let T ∈ AN (H) be a self-adjoint compact hyponormal operator. Then there exists an orthonormal basis consisting of eigenvectors of T .
PROOF. The proof follows in the analogously as in [1] but we include it for completeness. Let B = {x α : α ∈ I} be the maximal set of orthonormal eigenvectors of T. This set is non empty, as T = T * ∈ AN (H). Let M = span{x α : α ∈ I}. Then we claim that M = H. If not, M ⊥ is a proper non-zero closed subspace of H and it is invariant under T . Since T = T * ∈ AN (H), then we have either ||T |M ⊥ || or −||T |M ⊥ || is an eigenvalue for T |M ⊥ . Hence there is a non-zero vector, say
we have arrived to a contradiction to the maximality of B.
Next, we need to do a characterization for self-adjoint hyponormal compact operators. We ask the following question: For a compact hyponormal self-adjoint operator, can we find α ∈ R such that K + αI ∈ AN (H). To solve this first we need to answer the question when K + αI ∈ N (H). Here we have the following characterization. LEMMA 3.3. Let K ∈ K(H) be self-adjoint and a ∈ R. Let K = diag(λ 1 , λ 2 , λ 3 , . . . , ) with respect to orthonormal basis of H. Then the following are equivalent:
(ii). there exists n 0 ∈ N such that |λ n0 + a| > |a|.
PROOF. The proof is trivial. Consider T = T * ∈ B(H) and have the polar decomposition T = V |T |. Let
Further more, T + is strictly positive, T − is strictly negative and T 0 = 0 if N (T ) = {0}. Let P 0 = P N (T ) , P ± = P H± . Then P 0 = I − V 2 and P ± = 1 2 (V 2 ± V ). Thus V = P + − P − . For details see [3] . THEOREM 3.1. Let T ∈ AN (H) be compact hyponrmal and self-adjoint with the polar decomposition T = V |T |. Then the operator T can be represented as T = K − F + αV, where K ∈ K(H), F ∈ F (H) are self-adjoint with KF = 0 and F 2 ≤ α 2 I PROOF. Let H = H + ⊕ H − and T = T + ⊕ T − . Since H ± reduces T , we have T ± ∈ B(H ± ). As T ∈ AN (H), we have that T ± ∈ AN (H ± ). Hence by [2] , we have that T + = K + − F + + αI H+ such that K + is positive compact operator, F + is finite rank positive operator with the property that K + F + = 0 and F + ≤ αI H+ . As T + is strictly positive, α > 0. Similarly, T − ∈ AN (H − ) and strictly negative. Hence there exists a triple (K − , F − , β) such that −T − = K − − F − + βI H− , where K − ∈ K(H − ) is positive, F − ∈ F (H − ) is positive with K − F − = 0, F − ≤ βI H− and β > 0. The rest follows from [1] and the proof is complete. THEOREM 3.2. A compact self adjoint hyponormal operator T ∈ AN (H) has a countable spectrum.
PROOF. Since T = T + ⊕ T − ⊕ T 0 and all these operators T + , T − and T 0 are AN operators. We know that σ(T + ), σ(T 0 ) are countable, as they are positive. Also, −T − is positive AN -operator and hence σ(T − ) is countable. Hence we can conclude that σ(T ) = σ(T + ) ∪ σ(T − ) ∪ σ(T 0 ) is countable. Now we consider the structure of normal AN -operators.We see this in the next lemma LEMMA 3.4. Let T ∈ AN (H) be compact hyponormal with the polar decomposition T = V |T |. Then there exists a compact hyponormal operator K, a finite rank normal operator F ∈ B(H) such that V, K, F are mutually commutative.
PROOF. We have V K = V V K 1 = V K 1 V = KV and V F = V V F 1 = V F 1 V = F V . Also, KF = 0 = F K. THEOREM 3.3. Let T ∈ B(H) be compact hyponormal. Then T ∈ AN (H) if and only if T * ∈ AN (H). PROOF. We know that T ∈ AN (H) if and only if T * T ∈ AN (H). Since T * T = T T * , by Corollary Lemma 3.4 again, it follows that T T * ∈ AN (H) if and only if T * ∈ AN (H).
